We find a general p−1-brane solution to supergravity coupled to a p+1-form field strength using the "standard ansatz" for the fields. In addition to the well-known elementary and solitonic p−1-brane solutions, which are the only ones preserving half of the supersymmetry (for the cases where the supersymmetry transformations are known), there are other possibilities, the most interesting of which is an elementary type I string solution with a non-dynamical string source and no conserved charge.
Introduction
Many people now believe that all string theories are different perturbative approximations of an, as yet, unknown theory. One consequence of this conjecture is that the strong coupling limit of a certain theory, with respect to a certain coupling constant, is the weak coupling limit of another theory. Candidates for these dual pairs have been found for (practically) all ten-and eleven-dimensional theories, and there are many interesting examples in lower dimensions. In such a strong-weak dual pair the fundamental states of one theory should occur as solitonic states of the dual one.
There is much evididence that in ten dimensions the SO(32) heterotic string is dual to the type I string. Their low energy effective field theories are the same (after a field redefinition which, among other things, changes sign of the dilaton, thus also exchanging the coupling constant g =< e φ > with 1/g) [1] , and some higher order terms have also been shown to agree after the same field redifinition [2] . There is a "miraculous breakdown" of type I perturbation theory whenever the toroidally compactified heterotic string has an enhanced symmetry not present in the type I string [3] . And finally, the type I string has the heterotic string as an exact classical solution [4, 5, 3] . However, so far nobody has found the corresponding type I state in the effective theory for the heterotic string. This is not so very surprising, since the standard classical p − 1-brane solutions which have been examined in this context, correspond to an infinite p − 1-brane with constant energy per p − 1-volume. For theories with only closed p − 1-branes this is no problem. The solution can be interpreted as a p − 1-brane winding around p − 1 toroidally compactified coordinates, with very large compactification radii (see [4] ), but the type I string theory also contains open strings, so such a state obviously cannot be stable here. The best one can do without radically changing one's ansatz is to look for a metastable configuration around such an unstable type I string explicitly put into the equations by hand.
In all, a careful study of exact solutions to low energy effective theories is certainly merited. In previous work on general p − 1-brane solutions, one has always assumed supersymmetry (or rather, a generalization of the relations which tell us that half the supersymmetries remain unbroken for the cases where the fermionic theory and the supersymmetry transformations are known), see, for instance, [6, 7] . In this paper we will solve the supergravity equations of motion without prejudice. Given the "standard ansatz" for the fields, the complete exact solution turns out to exist in closed form. Putting this solution back into the equations of motion, however, gives us singularities, which we choose to put at the origin of the transverse coordinates. If we want the equations of motion to be consistent also at the origin, we have to choose the integration constants in a particular fashion. We can introduce a dynamical p − 1-brane source at the origin in which case we find the (supersymmetric) elementary p − 1-brane solution, or we can study the dual theory with no source, in which we find the (supersymmetric) solitonic p − 1 brane. These well-known cases appear to be the only supersymmetric ones. As far as we know all the new solutions are configurations with a fixed source at the origin.
We will do the string case in great detail, keeping the metric general (all possible rescalings with e φ included). We then find that one such fixed source solution exhibits the correct scaling behaviour to be the missing unstable type I solution. In the end of the paper we also sketch the case of generic dimensions, without trying to find any further possible interpretation.
The solution of ten-dimensional supergravity
Our starting point is the bosonic part of the combined string supergravity action in ten dimensions, here written in arbitrary metric
Here a = − 4 3 gives us the usual (heterotic) string metric, a = − the Einstein metric, and a = 2 3 the type I string metric. Choosing a = 0 gives us the five-brane metric, and if we also replace H by its dual,H = e 2(a− 2 3 )φ * H we obtain the action postulated to be the low energy effective action for five-brane theory [9] .
For b = a we have a heterotic string source, while b = a − 2 and, as it will turn out, no B M N term in the string part of the action will give us a type I source. Since we only consider solutions with the Yang-Mills fields identically zero, we can omit the trF 2 term in the action just like we do with all the fermionic terms. The variation of (2.1) with respect to g M N , B M N , φ, γ ij , and X M , gives us the supergravity equations of motion, with δ-function sources at the location of the string, and the equations of motion for the string degrees of freedom. For the supergravity fields we obtain Einstein's equation
2 See Appendix for notation and conventions the antisymmetric tensor equation
and the dilaton equation √ −ge
For the string degrees of freedom we obtain the equation for the string metric
and for the coordinate fields
We now follow the standard procedure to find a string soliton. We split up the coordinates (M = 0, 1, . . . 9)
where µ = 0, 1 and m = 2, . . . 9, and make the ansatz
with g 2 = −detg µν . All other fields are put equal to zero, and the only coordinate dependance is on y = √ δ mn y m y n . We allow a numerical constant γ in the definition of B µν to take care of the different normalization compared to [7] . The string coordinate X M (ξ) is split up in the same way as the coordinates (2.7), and we make the static gauge choice X µ = ξ µ , and assume Y m = constant, put to zero for simplicity.
The γ ij equation now immediately expresses γ ij as a function of the metric and the string coordinates, inserting this, and all the expressions above into the remaining field equations we have √ −ge
(2.14)
Equations (2.10) and (2.12) only give one differential equation each, proportional to g µν and ε µν , respectively, while (2.11) turns out to have two independent components. The easiest way to find them is to go to spherical coordinates, y, θ 1 , θ 2 . . . θ 7 . Then the yy-component will yield one equation, and the θ i θ jcomponents will yield one equation proportional to g θ i θ j .
The usual way to solve these equations is to require some unbroken supersymmetry, and therefore request that the variations of the spinor fields vanish for some nonzero supersymmetry parameter. If we do this we will find one unique solution (modulo some integration constants without physical significance). The solution found in this way also turns out to satisfy the field equations. This is very often the case since Einsteins equation, the dilaton equation and the Yang-Mills equation can be obtained as supersymmetry transformations of the fermionic equations of motion, which are already identically satisfied in our ansatz. But these equations, as well as the remaining ones, still need to be checked explicity since the solution only keeps half of the supersymmetry.
We now want to show that the equations of motion have a more general solution. It turns out to be useful to make the field redifinitions
The equations of motion can then be written
All derivatives are now with respect to y only, with
. Our strategy is now to solve all equations for y > 0, and only afterwards investigate the singularity structure at y = 0 to find a consistent choice for the values of some of the integration constants. We start by solving the supergravity equations alone. Equation 2.19 can be immediately solved
In the following, a subscript zero will always denote a constant which is equal to the value of the function in question at infinity, and K, L . . . are integration constants. One of the conditions for a supersymmetric solution (see below) is X ′ = 0, so we immediately see that our nontrivial candidate to a generalization cannot preserve supersymmetry. Now (2.21) can be integrated once yielding (cf (2.23) and Appendix) the remaining three equations are equivalent to
The first of these equations immediately gives
This can be integated once more, but the result depends on the sign of K, so we will put it off till this sign is known. Instead we first solve (2.28
.27 is then identically satisfied provided Z ′ = 0, and for Z ′ = 0 it gives us L = 0. We can also directly integrate, (2.30) and afterwards solve for e −Z in terms of y, for all the values of the integration constants for which the square root is real. Again we will not do so explicitly, since the functional form of the result depends on the signs of the constants. Combining (2.30) and (2.25) we get
This completes the solution of the supergravity equations, except for the case L = 0 which will be considered later. Depending on the values of K, L and M, these equations have singularities at y = 0, and we must therefore add a source term. The string source we have so far neglected gives us equation 2.23 which is integrated
The precise value of the constant is not very interesting since it does not affect H mµν . We then have
This can be achieved in two different ways:
with the solutions b = a (2.36)
• The square root constant
Both Z ′ = Y ′ and Z ′ = 0 have as a consequence L = 0. This case will be treated in Section 4.
The heterotic string solution
In this section, we will study the solution for L = 0 given in Section 2, and show that this is the one corresponding to the elementary string solution of [6] . That it is indeed a heterotic string was shown in [4, 5] , where the zero modes are fully analyzed.
We insert (2.36) and (2.37) in our equations and find
and
This can now be integrated to
A study of the singularities at y = 0 yields
where ∇ 2 f = δ 8 (y), and Ω 7 is the volume of the seven-sphere. The nonvanishing parts of the equations of motion at y = 0 are then
So the constants must take the values > 0. This is just a curiosity here, but will be important for the solitonic string solution.
The remaining integration constants are the values of the fields at infinity, X 0 , Y 0 and Z 0 , which can be rewritten in terms of A 0 , B 0 and φ 0 . The first two of these have no physical meaning. They can be removed by constant rescaling of the coordinates, so we are left with only φ 0 , which is the vacuum expectation value of the dilaton field. This is exactly the standard elementary string solution of [6, 7] , written for genaral a, that is, with all possible rescalings of the metric explicitly given. In order to compare directly One should let a = − 1 3 , and solve X and Y for A and B in terms of φ. We have a preserved Noether charge
The factor 6 is put in to have the same definition as [7] using our normalization of H. The mass per unit string length is (assuming g M N → e 2A 0 η M N for y → ∞, and keeping A 0 = 0 as an extra check on the calculation.)
3 )φ0 (3.15)
Here we can see explicitly that M 2 scales with g M N as predicted in [8] . The fact that M 2 is negative in, for instance, the heterotic string metric, a = − 4 3 , should be no cause for worry as long as it can be interpreted as a (positive) energy density in the Einstein metric, a = − . The conditions that the solution preserve half the supersymmetry can be obtained just like in the papers quoted above. In our notation they are
which can be rewritten as
These equations are all satisfied here as we know they should be. The solution we have found can also be interpreted as a solitonic string solution of the dual version of ten-dimensional supergravity, nowadays usually interpreted as the five-brane theory [9] . We replace H byH = e 2(a− 2 3 )φ * H. All supergravity equations remain unchanged, but the H-equation of motion is now interpreted as the Bianchi identity forH, and the Bianchi identity for H becomes the equation of motion for the new field strength. This equation has no singularity at y = 0, and we have no source term. The constant L is then no longer fixed by the equations at y = 0 5 . It gives us the conserved charge
which is now interpreted as a magnetic charge. However, the solution still has to satisfy (3.7) and (3.9) with zero on the rhs. For M = 0 the exponentials have finite values at y = 0, and we can only get the solution L = M = 0 in contradiction with the assumption. We then have to choose M = 0. Equations 3.12 and 3.13 then tell us that we can have a non-zero L, and hence a non-trivial solution only for
This is the standard solitonic solution again satisfying the conditions for unbroken supersymmetry (3.19)-(3.21). In principle there is no reason to require (2.23) in this case. If we then study the singularity structure at y = 0 we find that we must still have M = 0, but that the other condition is generalized to
= 0. If we solve for e −Z , and require the solution to exist and be well-behaved on the full interval 0 ≤ y < ∞ the condition can not be satisfied for K = 0.
Notice that while the solitonic string solution exists in the type I metric, in the Einstein metric, and in the five-brane metric, there is no solution with L = 0 in the heterotic string metric, a = − 4 3 . This is probably an indication that the heterotic string is a fundamental state of "heterotic" supergravity, and not a solitonic one.
The supersymmetric solution to the supergravity equations has an extension to α ′ = 0. If we use the framework of anomaly free supergravity, given explicitly in [13] , where the Green-Schwarz anomaly cancellation term is supersymmetrized in a consistent fashion, we find an exact solution to the equations of motion reducing to the one above for α ′ = 0 [10] . Assuming that there exists an action (probably containing infinitely many terms) for these equations of motion, we can ask ourselves what source terms we must have at y = 0, just like we did for the elementary string solution above. We will find that also the string action has to be modified with higher order terms, which might possibly be removable by an α ′ -dependent field redifinition. In [3] it is argued that this elementary heterotic string is really a D-string in strongly coupled type I theory, since their world sheet structures are the same. This will then give us the exact conformal field theory construction corresponding to the full solution.
The type I string solution
The second possible way of finding a solution requires L = 0. In this case the lhs of equation 2.21 has no singularity at y = 0 and hence we cannot have a source at the rhs. We then have to redo the analysis putting ∂e 2A+C = 0 in (2.18), (2.20), (2.22) and (2.23), and removing the rhs of (2.21). In this case we will not find an explicit solution for b, but if we put b = a − 2 by hand, we find that the solution can be interpreted as an unstable type I configuration, which should be there if there is indeed a strong-weak coupling duality between ten dimensional heterotic and type I strings.
We first solve equations 2.18-2.22 for y > 0. Equation 2.19 gives the same solution for e X , and the remaining equations are now
with the solutions (for K different from zero)
At y = 0 we now have
(4.9) These equations have the solutions
This is in contradiction with (2.23), which, in this case, requires that (b − a + 4) 2 + 3(b − a) 2 = 0. However, equation 2.23 is the equation of motion for the string source. It can be interpreted as a no-force condition, stating that the graviton contribution to the force between two parallell source strings is cancelled by the "axion" contribution. In the present case we have no axion contribution (to the lowest order in α ′ at least). Furthermore, this solution does not preserve supersymmetry, nor does it have a conserved Noether charge, so there is no reason to expect it to be stable. It is hence just the configuration around a source term corresponding to an infinitely long string put in by hand. There is no reason to expect that such an unstable test source should satisfy dynamical equations of motion, or that there should be no force between two parallell unstable strings, so we just drop equation 2.23.
The reason we are still interested in this solution is that we are looking for just such a thing as the missing type I "soliton", [8] . The mass per unit string length for our solution is If we choose b = a − 2, corresponding to a type I string source we obtain
This is indeed the correct scaling behaviour for a type I soliton, since a = 2 3 in the type I metric. The fact that there is no B M N term in the source is also consistent with the type I interpretation since B M N is here a Ramond-Ramond state corresponding to a sigma model term γ M N P H M N P sandwiched between two spin fields, see [11] , and such a term should vanish in our ansatz.
Can we also here reinterpret the solution as a "solitonic" type I string, that is a solution where we have exchanged the role of the equation of motion and the Bianchi identity for H, see Section 2, and with no sources at y = 0? We find
with h θ i θ j the metric on S 7 and h = det h θ i θ j . The solution of the Bianchi identity now requires thatH be independent of y, and we are back at (2.25). With L = 0 we then have exactly the same equations as we already studied above, with the only difference that (4.9) and (4.10) have zero on the rhs. The only solution is then M = N = 0, so, as should have been expected, there is no interpretation as a solitonic string in this case.
As we already mentioned it has also been shown that the zero modes for the elementary string case indeed represent the degrees of freedom of a heterotic string [4, 5] . That analysis certainly does not work for the case of the nonsupersymmetric solutions of the supergravity equations, since we have twice the wanted number of fermionic zero-modes.
Since, by our analysis, nonsupersymmetric, unstable solutions also exist around non-dynamical heterotic string sources put in by hand, it feels very tempting to believe that our solution to the supergravity equations should also contain an exact type I string solution (Even without invoking the duality arguments.) What we need is a non-vanishing field strength, providing a conserved charge, and a source term able to counteract the gravitational forces between two string sources. As I can see it there are two possiblilities. The immediate one is that we have to employ a standard B M N term in the string action to higher orders in α ′ , so that the good solution, which can then probably only be found if we solve the equations to all orders in α ′ , vanishes, or becomes singular, for α ′ → 0. It might be difficult to find such a solution, which preserves some of the supersymmetry, however, since we must satisfy (the generalization of) (3.21). The second, perhaps more amusing possibility is that the Yang-Mills field will provide us with what we need. There are obvious difficulties with this possiblity too. Solitons with Yang-Mills charge are 0-branes, not strings, and they also turn out to be non-supersymmetric [12] . If the 0-branes could somehow be interpreted as type I strings of zero length, one part of the problem would be solved, but we would still need to find the unbroken supersymmetry. (And show that the zero-modes of the solution provides us with the degrees of freedom for a type I string).
Our general solution also permits b to take any value, as long as the string is not dynamical. It is hard to think of any further physical interpretation of any of these solutions. The interpretation is probably just that one can find an exact supergravity configuration around many unusual sources put in by hand, while if you want an exact solution also to the string equations our equations forced us to put b = a. We then expect that a stable type I solution should force us to choose b = a − 2.
The general case
Our general (non-supersymmetric?) solution actually exists for generic dimensions. We will briefly give this solution here without any attempts at interpretation.
We start with the action of a rank d antisymmetric tensor potential interacting with gravity and the dilaton in D space-time dimensions, and couple it to a p = d p − 1-brane. The procedure is exactly analogous to the D = 10, d = 2 case we already did in great detail. Here we choose the Einstein metric so we use the same action (and equations of motion) as in [7] (except for the minor redefinitions of the fields, see Appendix). Splitting up the coordinates in D = d + (d + 2), and making the usual ansatz the equations corresponding to (2.18)-(2.23) are now
2)
and N = a 2 + 2dd d+d
. The constants a and b here are really regarded as unknown, to be solved for. They have nothing to do with rescaling the metric since the equations are all written in the Einstein metric, but instead determine how the d-form potential couples to the dilaton.
We will now do the case where the source term does satisfy dynamical equations, to show it is exactly analogous to Section 2. Again we first study the supergravity part for y = 0 so we can put the rhs to zero in (5.1), (5.4) and (5.5). First we solve equation 5.2 obtaining
We integrate (5.4) once to get
In exact analogy to the string case the remaining three equations then turn out to be equivalent to
where we must use aY instead of Y to have a field which is regular also for a = 0. The solution to equation 5.12, If we now continue and analyze the equations at y = 0 we will again find that we have to put in a p − 1-brane source term at the origin getting which is the elementary solution found in [7] . Alternatively we can again examine the dual solution and again find the result of [7] . Also in the general case we have to study L = 0 separately. The analysis of this case closely follows Section 4, only yielding unstable solutions. We will not show these solutions explicitly here since the only interesting interpretation we know of is the type I string solution already considered.
Conclusions
We have have found a general solution to the supergravity equations with the standard ansatz for all fields. A specific choice of integration constants gives us the known supersymmetric elementary and solitonic p − 1-branes. These are the only solutions with a dynamical p − 1-brane source, and with no source term. We also show that there is a string solution with a fixed source giving us a probably unstable type I configuration.
Making other choices for the integration constants, will give us other solutions, were the singularities at y = 0 can be accounted for with a source term with an arbitrary relative constant between the g M N -term and the B M N -term, as well as an arbitrary b. There is still a possibility that some other such choice will give us a solution with a reasonable physical interpretation.
It would now be very interesting to see if we could somehow relax some of the assumptions here to find a stable, or at least less unstable type I solution. What we really would like is of course a solution where the zero-modes match the degrees of freedom of the type I string. Only then can we feel really convinced that what we have found is indeed the type I state in heterotic string theory. We discussed some tentative ideas about how to achieve this at the end of Section 4, but, in view of the discussion in [8] , it might, unfortunately, turn out to be impossible to find such a state at all.
